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Numerical solutions to transient nonlinear diffusion problems are obtained by 
the method of differential quadrature. The accuracy of the solutions is inferred 
by comparison with the analytical solution for the linear case. The particular 
problems associated with general boundary conditions are handled by the use of 
integral methods. Examples from heat diffusion include composite media and 
radiation-enhanced conduction. 
In many applications involving diffusional processes through composite mate- 
rials, it has been standard to utilize homogeneous media equations but with 
variable thermal properties. Thus, the system is now mathematically nonlinear 
and numerical solutions are normally employed. In this work the numerical 
method of differential quadrature is investigated as a procedure to obtain rapid 
and accurate solutions to problems of this nature. 
MATHEMATICAL MODEL 
For convenience for the applications employed, the nomenclature of heat 
conduction is utilized. The equation for one-dimensional transient nonlinear 
heat conduction is 
aw, t> 
/G--c=& k ( 
qz, t) 
& ). 
Here the material properties generally are a function of position and temperature 
and could be a function of time. Using the dimensionless variables, 
@(f, T) = [T(z, t) - To] [Tr - T&l 
g = z/L 
7 -y taop 
a0 = WC,)0 
k(z, T, t) = kofa(f. 0,~) 
P@, T, t) C&, T, t> = Wdoh(5, 0, T>, 
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the result is 
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Here the subscript zero implies evaluation at the base conditions of z = 0, 
t = 0, and T = T,, . 
The boundary conditions chosen represent the general case of convection 
heat transfer from both surfaces with the left, z = 0, fluid temperature at T,, and 
the right, z = L, fluid temperature at TL . Using the Biot numbers, 
(4a) 
the boundary conditions are 
f-4 w = B; @(O, T) 
f aql, 7) 
AT@--- = -B&l, T) - 11, 
while the initial condition is 
S(.& 0) = et. (6) 
In these equations the two nonlinear parameters, fA and fe , are assumed to be 
evaluated at the appropriate slab surface value. In this general case the Biot 
numbers could also be time dependent. 
LINEAR SOLUTION 
In the mathematically linear case where both fA and fs are unity, the solution 
is 
a, = B:[B! + B! + B! B+ 
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? 
a2 = Br a, 
V,(T) = exp(--Xn2r) 
A,([) = cos A& + (B!/A,) sin A,t 
c, = 2{ri(@+ - UJ - Y2U2> {Y3 + Y* co2 a,>-1 
tl = A, sin X, + B!(l - cos X,) 
y2 = (1 - B!) cos h, + (An + B!/h,) sin h, - 1 
(74 
(7e) 
(70 
Ug) 
( 74 
Vi) 
y3 = &,2 + 2B! + (By)2 (7) 
Y,, = [B! + B:] [An2 - (B!)2] [An2 _ By &j-l - 2Bf VW 
and the eigenvalues h, are the nonzero positive roots of 
tan h, = X,[Bf + l&i] [An2 - BP B&-i (8) 
Several reduced cases can be obtained from Eq. (7). If either surface temperature 
is constant, than the appropriate Biot number is infinity. If either surface is 
insulated, the appropriate Biot number is zero. A further simplification occurs 
if the two Biot numbers are equal. These reduced cases can be found in the 
classic work of Carslaw and Jaeger [l]. 
In the evaluation of this analytical solution, it is important to ensure that no 
eigenvalues have been skipped. Inspection of Eq. (8) shows that 
(BP B:)l,z < 42 4 < 7d2, 
= 742 a1 = 42, (9) 
> 42 a, > 42. 
In addition, the third eigenvalue is near 2~ so that care must be taken to find X, 
correctly and not have the iteration converge wrongly to X3 . This is particular a 
problem when h, > 742 since the range of convergence for h, is smaller than 
would be normally expected. 
Naturally, this linear solution can be employed for mildly nonlinear engineer- 
ing problems if average values of material properties can be found. In this case a 
perturbation approach as shown by Mingle [2] can be useful. 
COMPUTATIONAL MODEL FOR NONLINEAR HEAT TRANSFER 
For the numerical solution of Eq. (3) the method of differential quadrature [3] 
is employed. In this procedure the, system is divided into discrete values for all 
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but one independent variable; thus creating a sytem of coupled ordinary, 
differential equations. Leaving the time variable continuous, Eq. (3) becomes 
2 = fil i WijfAi w& (i = 2, 3 ,...) N - 1). (10) 
j=l 1=1 
Here the f variable is broken into N discrete values and the weights for single 
differentiation are found by standard polynomial procedures, such as those of 
Hamming [4]. In differential quadrature the derivatives are approximated by a 
weighted sum of ordinate positions; thus, 
dQ 
dE &Ci I 
(11) 
where 
Using a polynomial moments method to find these weights, the system becomes 
dwi = mi , (12) 
1 1 *** 1 
(134 d= 
Here the system is solved for all i values. The positions utilized are known and 
unequal but otherwise arbitrary. For instance, for equal spacing of six positions, 
the W matrix is 
-137 300 -300 200 -75 12 
-12 -65 120 -60 20 -3 
yf=+ 3 -30 -20 60 -15 2 -2 15 -60 20 30 -3 - (14) 
3 -20 60 -120 65 12 
-12 75 -200 300 -300 137 
It is noted that Eq. (10) is not written for the end values of i = 1 and i = N 
since these have to incorporate the boundary conditions. 
For the boundary conditions, Eq. (5), an integration of Eq. (3) is performed 
producing 
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Equation (15) is now written for f = fN = 1 and ( = & , producing with the 
use of Eq. (5) 
s ’ 
WE 4 
0 
#fB --&- = -B:[0(1, ,r) - I] - B!0(0, r), (164 
s 
aw 4 ‘a #fB +- = ( fA ‘@;; T, ) - By 0(0, T). (16b) 
0 E=Ea 
Discretizing Eq. (I 6), 
(17b) 
Here Nw represents the vector of numerical integration weights over range 0 
to tN = 1 using the N positions while 2w is the like quantity but for the range 0 
to 5, . Equation (17) is now solved for the two boundary time derivatives 
-ff%. = [-Cl 2WN + C2 “Wj.,] f&+1 
dr (184 
d@N -= 
dr [cl 2w1 - ~2 NwJf&A-l 
A = fBlf13N(2W1NwN- 2WNNW1) 
cl = -BP 0, + B;(l - 0,) - Nfl NwifBl 2 
i=2 
(18’3) 
(184 
(184 
c2 = -B:0r + fA2 f w,~O~ - N~12wifBi!$ 
i=l i-=2 
(184 
The integration weights for equal spacing and N = 6 are 
(“WY = $19 75 50 50 75 19), 
(“WY- = &) (475 1427 -798 482 -173 27). 
VW 
Wb) 
Equation (15) is general in nature and represents a heat balance over 4 = 0 
to 5‘ = $. The choice of the second position for f is arbitrary among the remain- 
ing N - 1 positions if all the ordinate positions are employed in the numerical 
integration since the accuracy would be identical. Thus, the position is picked 
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for convenience. The integration weights of Eq. (20b) can be found by the same 
procedures as before; however, this class of integration formulas using ordinate 
positions outside the integration range is not commonly tabulated. Somewhat 
increased accuracy could be obtained by using Lobatto-type numerical integra- 
tion formulas [5J, but the derivative formula, Eq. (lo), would not be of increased 
accuracy since a predetermining of the ordinate positions is necessary before the 
differentiation weights can be uniquely calculated. 
SOLUTION OF THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS 
The numerical solution of the system of stiff ordinary differential equations 
represented by Eq. (10) and Eqs. (18a), (18b) is performed by the Liniger and 
Willoughby method [6]. This method is designed especially for systems of 
equations of this type and works very well for moderate system orders. The 
procedure is 
x’ = f (204 
n+1 = (1 - I")&&+1 + %I -tPK 
d:i;l = x$’ - x;$ 
(20b) 
cw 
[I - (1 - CL) hJu’ ] Ax”’ n+1 n+1 = xn + phf, + (1 - p) hf% - d$l 
(1 = 1, 2,...), (204 
where J is the system Jacobian and p is an exponential fit based upon the esti- 
mated largest eigenvalue of the Jacobian as 
p = q-1 - [@ - 11-1, (214 
Q = I h!mh I * @lb) 
Equation (20d) represents a Newton iteration to solve the nonlinear albegraic 
system represented by Eq. (20b) and works very efficiently for low-order 
systems such as are employed in this study. 
ACCURACY OF NUMERICAL CALCULATIONS 
The accuracy of this numerical solution can be inferred by comparison with 
the mathematically linear case when fA = fs = 1. Table I shows this comparison 
of the dimensionless surface temperature values for several step sizes and the 
two system sizes of six and nine. It is noted that the accuracy of the calculation 
can be improved more by cutting the time numerical integration increment, 7, 
than by using more accurate spatial formulas, i.e., N = 9 rather than N = 6. 
TA
B
LE
 
I 
C
om
pa
ris
on
 
of
 L
in
ea
r 
So
lu
tio
ns
 
fo
r 
Su
rf
ac
e 
Te
m
pe
ra
tu
re
s,
 
B
P 
=
 
3.
0,
 B
iL
 
=
 
6.
0 
N
=
6 
N
=
9 
__
_-
 
-. 
.--
 
__
_.
- 
-_
__
 
--
.--
 
__
 
An
al
yt
ic
al
 
h 
=
 0
.0
25
 
h 
=
 0
.0
50
 
h 
=
 
0.
10
0 
h 
=
 
0.
02
5 
h 
=
 
0.
05
0 
._
_ 
~
. 
~
_-
 
- 
7 
w
-4
 
7)
 
w
, 
7)
 
@
I 
@
N 
6,
 
@
N 
0,
 
@
N 
8,
 
@
N 
8,
 
@
N 
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
0 
0.
2 
0.
08
0 
0.
80
2 
0.
07
8 
0.
79
8 
0.
07
5 
0.
79
0 
0.
07
2 
0.
77
4 
0.
07
8 
0.
79
9 
0.
07
5 
0.
79
8 
0.
4 
0.
16
6 
0.
85
6 
0.
16
2 
0.
85
4 
0.
15
6 
0.
85
0 
0.
14
7 
0.
84
3 
0.
16
3 
0.
85
4 
0.
15
6 
0.
85
0 
0.
6 
0.
20
0 
0.
87
6 
0.
19
8 
0.
87
5 
0.
19
4 
0.
87
3 
0.
18
7 
0.
86
8 
0.
19
9 
0.
87
5 
0.
19
4 
0.
87
2 
0.
8 
0.
21
4 
0.
88
4 
0.
21
2 
0.
88
3 
0.
21
0 
0.
88
2 
0.
20
6 
0.
88
0 
0.
21
3 
0.
88
3 
0.
21
0 
0.
88
2 
1.
0 
0.
21
9 
0.
88
7 
0.
21
8 
0.
88
7 
0.
21
7 
0.
88
6 
0.
21
5 
0.
88
5 
0.
21
8 
0.
88
7 
0.
21
7 
0.
88
6 
m
 
0.
22
2 
0.
88
9 
0.
22
2 
0.
88
9 
0.
22
2 
0.
88
9 
0.
22
2 
0.
88
9 
0.
22
2 
0.
88
9 
0.
22
2 
0.
88
9 
566 JOHN 0. MINGLE 
The extrapolation of the data by using Richardson’s procedures [7] proceeds 
by noting that the numerical integration has an error O(h2) so 
f) = 3’2’ - (q(l) (22) 
as h,/h, = 2. Using the data for h, = 0.050 and h, = 0.025, full three-place 
accuracy is obtained by extrapolation when compared to the analytical solution. 
COMPOSITE MEDIA EXAMPLE 
As an example of the utility of the differential quadrature method, a composite 
media problem is modeled by using a step change in thermal conductivity. Each 
mode represents the average of the material surrounding it; therefore, the fA 
values for a typical three media composite are 
fAj = 1.0; j= 1,2 
fAi = 0.343; j = 3,4 
fAj = 0.474; j = 5, 6. 
Table II gives the resulting boundary dimensionless temperatures as well as the 
boundary dimensionless heat fluxes. These are 
q1 = B! 0, , (234 
qN = Bf(l - 0,). WI 
TABLE II 
Composite Media Problem, BiO = 3.0, BiL = 6.0, N = 6, h = 0.025 
7 81 
0 0.0 
0.2 0.014 
0.4 0.075 
0.6 0.109 
0.8 0.124 
1.0 0.130 
00 0.134 
@N 41 qN 
0.0 0.0 0.0 
0.857 0.044 0.857 
0.908 0.225 0.553 
0.923 0.327 0.460 
0.929 0.371 0.426 
0.931 0.390 0.412 
0.933 0.403 0.403 
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RADIATION-ENHANCED CONDUCTION EXAMPLE 
A further example is the use of an effective thermal conductivity where 
conduction and radiation heat transfer occur simultaneously and where the 
radiation fraction is small. Viskanta and Anderson [S] give the spatially depend- 
ent radiation conductivity as 
kr = kR{l - 3/2h - 7) EdTL - T) + mT) + qTL - T> -1 E&)), (24) 
where 7L is the optical thickness of the medium, i.e., 7L = K~L, and k, is the 
Rosseland conductivity. The standard En function [5] is employed. Expressed 
in the form of the fA factor, this becomes 
.fAi = 1 - (4/3J’-) [(g - 1) @j + II3 [I - 3 (1 - tj) TL&((~ - 5j) TL) 
+ &TLfG(fiTd +4((1 - fj) ~3 + E14(5~dl- (25) 
Here .N is the dimensionless Viskanta radiation parameter, i.e., 
c/V = kqJ(4uT3) (26) 
and represent the ratio of conduction to radiation on a localized basis. For the 
model considered, an .N value of 5 is utilized, which satisfies the basic assump- 
tion in employing the effective conductivity approach. The g value in Eq. (22) 
represents the ratio of the absolute temperatures of the boundaries, i.e., 
g = TdTo. (27) 
Table III gives the results of calculations for this problem, It is noted that in this 
TABLE III 
Effective Conductivity Example, Jlr = 5, g = 1.1, 
BP = 3, BiL = 6, N = 6, 12 = 0.025 
7 
0 0.0 0.0 
0.2 0.028 0.850 
0.4 0.080 0.893 
0.6 0.111 0.911 
0.8 0.126 0.919 
1.0 0.134 0.924 
a3 0.143 0.928 
5-L = 1.0 
@I @N 
0.0 0.0 
0.032 0.845 
0.088 0.889 
0.119 0.907 
0.135 0.916 
0.143 0.920 
0.151 0.924 
7L == 2.0 
0, @N 
0.0 0.0 
0.036 0.837 
0.095 0.883 
0.128 0.903 
0.144 0.912 
0.152 0.916 
0.159 0.920 
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range, the optical thickness value has only a small effect upon the resulting 
temperature distribution. 
The comparison of the standard conduction case, Table I, with this internal 
radiation case, Table III, is shown in Table IV, where one transient and the 
steady-state temperature profiles are listed. The shifted temperature profile 
with internal radiation is noted. 
TABLE IV 
Conduction and Radiation-Conduction Temperature Profiles, 
Bi“ = 3.0, BF = 6.0, N = 6, h = 0.025, J= 5, 7~ = 1.0 
Conduction only Conduction-radiation 
i 7 = 0.5 7= co 7 = 0.5 7=CC 
1 0.183 0.222 0.106 0.151 
2 0.299 0.356 0.211 0.293 
3 0.424 0.489 0.336 0.438 
4 0.561 0.622 0.487 0.588 
5 0.710 0.756 0.672 0.747 
6 0.867 0.889 0.899 0.924 
CONCLUSIONS 
The method of differential quadrature is applied to the computational diffusion 
area of transient nonlinear heat conduction. The ease in handling a wide variety 
of nonlinearities as well as many boundary conditions is shown. Sufficient 
accuracy is easily obtained. 
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